Abstract. We provide one general discrete identity for ∑ ··· ∑ P k 1 ···kn f (x 1k 1 ,... ,x nkn ) and one general integral identity for
Introduction and preliminaries
In start we give some notations and definitions necessary for the understanding of the paper as follows (see [4] , [5] and [8] For other results about convex functions of higher order we refer to the book [8] . provided that x + ih ∈ I for i ∈ {0,...,n} and y + jk ∈ J for j ∈ {0,...,m} . Moreover, we say that a function f : I × J → R is convex of order (n, m) or (n, m)-convex if Δ (n,m)
h,k f (x, y) 0 holds for each x ∈ I , y ∈ J and h, k ∈ R.
DEFINITION 6. Divided and finite differences of order (n, m) of a sequence (a i j ) i ∈ {1,...,n}, j ∈ {1,...,m} are defined as Δ (n,m) a i j = Δ (n,m) f (x i , y j ) and Δ (n,m) a i j = Δ (n,m) 1,1 f (x i , y j ) respectively, where x i = i, y j = j and f : {1,...,n} × {1,...,m} → R is the function f (i, j) = a i j . Moreover, we say that a sequence (a i j ) is convex of order (n, m) or (n, m)-convex if Δ (n,m) a i j 0 holds for n, m 0 and i, j ∈ N.
Let us introduce some further notations as follows. For some fixed integer a and m ∈ N: a (m) = a(a − 1) ···(a − m + 1), a (0) = 1.
For some real sequence (a n ), n ∈ N and m ∈ {2, 3,...} :
Δ
(1) a n = Δa n = a n+1 − a n , Δ (m) a n = Δ(Δ (m−1) a n ).
Also for n distinct real numbers x i , i ∈ {1,...,n} and m 0:
This paper discusses the Popoviciu type characterization of positivity of sums and integrals for higher order convex functions of n variables. We divide this paper into five main parts. After "Introduction and Preliminaries" section, in the second and in the third sections respectively, we obtain one discrete identity for the sum ∑ ... ∑ P k 1 ...k n f (x 1k 1 ,... ,x nk n ) and one integral identity for Λ( f ) = ... P(x 1 ,... ,x n )× f (x 1 ,... ,x n )dx 1 ... dx n of Popoviciu-type. These results are in fact generalizations of the results given in [5] , [7] , [10] and [11] . In both the sections, we also obtain necessary and sufficient conditions under which these sum and integral are nonnegative for higher order convex functions of n variables. The forth section presents the mean value theorems, while in the last section we apply the functional Λ( f ) on the family of certain exponentially convex functions and we discuss some of its major properties.
Discrete identity and inequality for functions of n variables
Let us state a result from [6] as follows. PROPOSITION 1. Let p k ∈ R for k ∈ {1,...,N} . Then for any real sequence (a k ), k ∈ {1,...,N} the following identity holds
A result analogous to (1) for real functions was proved by Popoviciu [11] which is stated as: 
The next theorem is from [5] .
PROPOSITION 3. Let the assumptions of Proposition 2 be valid and let x
holds for every convex function f of order r, r + 1,...,m for r ∈ {0,...,m} if and only if
For r = 0 (or r = m), condition (3) (or (4)) can be omitted.
REMARK 2. The result for the special case f (x k ) = a k can be found in [9] , see also [8, p. 257 ].
For two variable case some identities and inequalities can be found in [5] . Now we further extend this Popoviciu type identities and inequalities for n variables.
For our main theorems of this section we define further notations as follows. Let for r ∈ {0,...,n} , j ∈ {1,...,n} , n C r (i j , m j ) be the set of all n -tuples in which on the k th place we put m k or i k and r places are filled with constants from the set {m 1 ,... ,m n } while on the other n − r places we put variables from the set {i 1 ,... ,i n } . For example:
Note that the number of elements of the class n C r (i j , m j ) are equal to the binomial coefficient n r . We introduce Δ involving variables i 1 ,... ,i n and constants m 1 ,... ,m n as follows.
...
where I r is a set of all r indices s,... ,t of used constants m s ,... ,m t .
The following theorem gives an identity for sum
Proof. We start with considering
represents that this function only depends on k n and independent of other n − 1 variables. Similarly F (1, 1) x nkn represents that this is only a function of variable x nk n and independent of other n − 1 variables. So using Proposition 2 we get,
where
Note that, this time we assume Q (2,1)
to be only dependent on k n−1 , whereas F (2,1)
is considered to be a function of variable
is concerned, it only depends on k n−1 and F (2,2)
is a function of variable x (n−1)k n−1 . So, again applying Proposition 2, we have
Continuing in the similar fashion we finally get identity (5).
REMARK 3. If we set n = 2 in previous theorem, then we get following corollary which can be found in [5] . 
where (x i , y j ) ∈ I × J are distinct points for i ∈ {1,...,N} and j ∈ {1,...,M} .
REMARK 4. If we put x i = i, y j = j and f (x i , y j ) = f (i, j) = a i j in Corollary 1, then we get the following result.
.,N} and j ∈ {1,...,M} . Then the following identity holds
, then we obtain the similar statement for two functions f and g as follows. 
.,M} . Then the following identity holds
REMARK 6. If we put f (x i ) = a i and g(y j ) = b j in Corollary 3, then we retrieve an identity given in [10] for sequences (a i ) and (b j ).
THEOREM 2. Let the assumptions of Theorem 1 be valid. Then the inequality
holds for every (m 1 ,... ,m n )-convex function on I 1 × ··· × I n if and only if
. . .
Proof. If (8), (9),... , (10),... , (11) hold, then all these sums are zero in (5) and the required inequality (7) holds by using (12) .
Conversely, let (7) hold for every convex function f of order (m 1 ,... ,m n ). Let us consider the following functions
..,m n − 1} . Since these functions are convex of order (m 1 ,... ,m n ), so by (7) the inequalities
hold and we get required inequality (8) 
and f 4 = − f 3 , where i 1 ∈ {m 1 + 1,...,N 1 }, i 2 ∈ {0,...,m 2 − 1}, ... , i n ∈ {0,...,m n − 1} , then we get the required equality (9) . Similarly, if we consider in (7) the following (m 1 ,. .. ,m n )-convex functions
and
..,N n } , then we get the required equality (10) and so on.
The last inequality (12) is followed by considering the following (m 1 ,... ,m n )-convex function in (7)
where 
0, k ∈ {m + 1,...,M} t ∈ {n + 1,...,N}.
REMARK 7. The case when f (x i , y j ) = a i j for i ∈ {1,...,N} , j ∈ {1,...,M} and m = n = 1 was considered in [7] . The case when f (x i , y j ) = a i b j , where (a i ) for i ∈ {1,...,N} is an n -convex sequence and (b j ) for j ∈ {1,...,M} is an m-convex sequence was researched in [10] . Also the case f (x i , y j ) = a i b j for monotonic n -tuples a and b was considered by Popoviciu in [11] (see also [5] ).
Integral identity and inequality for higher order differentiable functions of n variables
As we done in previous section, for the present section also we introduce some notations to simplify the statement of our main theorems as follows.
For variables i 1 ,... ,i n and constants m 1 + 1,...,m n + 1 we defineΔ in the following way:
Similarly, we can defineΔ for any n -tuple from n C r (i j , m j ) for some j ∈ {1,...,n} and finally we definẽ
Now we are ready to state our main theorems of this section.
THEOREM 3. Let p, f : I 1 × ··· × I n → R be integrable functions and let f ∈ C
(m 1 +1,...,m n +1) (I 1 × ··· × I n ). Then the following identity holds
Proof. We consider the Taylor expansion:
Multiply the above formula with p(x 1 ,... ,x n ) and integrate it over [a n , b n ] by variable x n . Then we have
Let us use the following Taylor expansions:
Put these two formulae in (14) and integrate over [a n−1 , b n−1 ] by variable x n−1 . Then we have
b n a n x n a n p(x 1 ,... ,x n )
x n−1 a n−1
In the first summand we change the order of summation, use linearity of integral and get
The second summand is rewritten as
where in the last equation we used the Fubini theorem for variables y n−1 and x n−1 . Let us point out that firstly, the variable x n−1 is changed from a n−1 to b n−1 while the variable y n−1 is changed from a n−1 to x n−1 . After changing the order of integration we have that variable y n−1 is changed from a n−1 to b n−1 while the variable x n−1 is changed from y n−1 to b n−1 .
Similarly, the third summand is rewritten as:
where we use the Fubini theorem twice, firstly for changing y n and x n and then for y n and x n−1 . The fourth summand is rewritten as b n−1 a n−1 b n a n x n a n x n−1 a n−1
where we use the Fubini theorem several times. Firstly, we change y n and x n , then x n and y n−1 , then y n−1 and y n , then y n−1 and x n−1 , then y n and x n−1 . Using all these results we get
Now, use the Taylor expansion again and integrate over [a n−2 , b n−2 ] by variable x n−2 . If we proceed in the similar fashion as we done before, then we finally get:
.. ,x n−3 , a n−2 , a n−1 , a n ) Then we use the Taylor expansion again and we integrate the result over [a n−3 , b n−3 ] by variable x n−3 . If we continue this process, we get required identity.
REMARK 8. If we set n = 2 in the previous theorem, we get the following corollary which can be found in [5] . 
REMARK 9. If in Corollary 5 we simply put n = m = 0 , then we get the following corollary. In fact the following identity was considered by Pečarić in Theorem 10 of [7] . COROLLARY 6. Let P, f : I 2 → R be integrable functions and if f has continuous partial derivatives f (1, 0) , f (0,1) and f (1, 1) 
Proof. If (16), (17),... , (18),... , (19) hold, then all these sums are zero in (13) and the required inequality (15) holds by using (20).
Conversely, if we consider in (15) the following (m 1 + 1,...,m n + 1)-convex functions
.., i n ∈ {0, 1,...,m n } , then we get the required equality (16).
In the same way, if we consider in (15) the following (m 1 + 1,... ,m n + 1)-convex functions for i 2 ∈ {0, 1,...,m 2 },... ,i n ∈ {0, 1,...,m n } ,
then we get the required equality (17). Similarly, if we consider in (15) the following
then we get the required equality (18) and so on. The last inequality (20) is followed by considering the following (m 1 + 1,...,m n + 1)-convex function in (15)
REMARK 12. If we set n = 2 in previous theorem, then we get result given in [5] .
Mean value theorems
It is a well known fact that many results of classical real analysis are consequences of the mean value theorem. Lagrange's and Cauchy's mean value theorems are among the most important theorems of differential calculus. For detailed discussion on the topic we refer to [12] . Here we state some generalized mean value theorems of Lagrange and of Cauchy type. 
Proof. Since f (m 1 +1,...,m n +1) is continuous on (I 1 × ··· × I n ), so it attains its maximum and minimum values on (
Then the function
gives us
i.e., G is an (m 1 + 1,... ,m n + 1)-convex function. Hence Λ(G) 0 by Theorem 4 and we conclude that
Similarly, we have
Combining the two inequalities we get
which gives us (21).
THEOREM 6. Let all the assumptions of Theorem 5 be valid. Then there exists
provided that the denominator of the left-hand side is nonzero.
Proof. Let h ∈ C (m 1 +1,...,m n +1) (I 1 × ··· × I n ) be defined as
Using Theorem 5 there exists (ξ 1 ,... ,ξ n ) such that
which gives us required result. 
in Theorem 6, then we get the required result.
REMARK 13. Special cases of Theorems 5 , 6 and Corollary 9 for n = 2 can be found in [5] . Let us introduce some notations for simplifications of statements as follows: where 1/q + 1/q = 1 , q, q > 1 .
REMARK 14. The proof of the theorem is easily followed by applying the Hölder inequality. Moreover, when we consider the case q → 1, then r → ∞, we get the following corollary. 
COROLLARY 10. Let all the assumptions of the Theorem 7 be valid. Then the inequality
(m i + 2)! f (m 1 +1,...,m n +1) q . ξ i ξ j ψ (x i + x j ) 0 ∀ n ∈ N and all choices ξ i , ξ j ∈ R; i, j = 1,...,n such that x i + x j ∈ J ; i, j ∈ {1, ..., n} . EXAMPLE 1. [3] For constant c 0 and k ∈ R, x → ce kx is an example of exponentially convex function.
Exponential convexity
The following proposition and two corollaries are given in [3] . n , p ∈ {0, 1, 2,...,m}.
